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"*^ ! Abstract 

,j^ . We provide sharp weak estimates for the distribution function of 

-)— » . 

C^ ' Ai(f) when on (p we impose L , L'' and L^'°° restrictions. Here A4 is 

the dyadic maximal operator associated to a tree 7" on a non-atomic 

probability measure space. 
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The dyadic maximal operator on M" is defined by 



rS : U Mrr\ = ciir, i _ 



M.d(t^{x) = sup < — — / \(j){u)\du : a; G Q, Q C R" is a dyadic cube > (1.1) 

I \Q\ Jq J 

for every G Lj^^iR"') where the dyadic cubes are those formed by the grids 
2-^Z" for A^ = 1, 2, . . . . 

It is well known that it satisfies the following weak type (11. ip inequality 

\{xeW:Md(p{x)>X}\<^f \(P{u)\du (1.2) 

^ J{Md<t»\} 

for every G L^{W^) and every A > 0. 



Using fll.ip we easily get the following U inequality 

\\MMv<^mv (1-3) 

for every p > 1 and every G L^(]R"), which is proved to be best possible 
(see [2], [3] for the general martingales and [10] for the dyadic ones). 

A way of studying the dyadic maximal operator is the introduction of the 
so called Bellman functions (see [8j). 

Actually, we define for every p > 1 

B,{f,F)=snpl^J{M,<j>r:AvQ{<jf) = F, Avq{<P) = f^ (1.4) 

where Q is a fixed dyadic cube, (p is nonnegative in U'{Q) and /, F are such 
that < /P < F. 

Bp{f,F) has been computed in [5j. In fact it has been shown that 
Bp{f,F) = Fup{fP/Fy where Up : [0,1] -)■ 1,^ is the inverse function 
of 

Hp{z) = -{p-l)zP+pzP-\ 

Actually this has been proved in a much more general setting of tree like 
maximal operators on non-atomic probability spaces. The result turns out 
to be independent of the choice of the measure space. 

The study of these operators has been continued in [7] where the Bellman 
functions of them in the case p < 1 have been computed. 

Actually, as in [5] and j7] we will take the more general approach. So 
for a tree T on a non atomic probability measure space X, we define the 
associated dyadic maximal operator, namely 



Mr(l)ix) = sup <^ -J— / \(j)\dij, : X e I eT 
.^1) Ji 



for every G L^(X, /i). 



It is now known that A^t- : L^'°° — > LP'°° is a bounded operator satisfying 

||-Mr0||p,oo<|||</)||Uoo. (1.5) 

It is now interesting to see what happens if we replace the L^-norm of 
in (11 ■4p by it's LP'°°-norm, ||| ■ |||p,oo, given by 



p,oo 



sup < fJ'iE) ^p / |0|(i/i : E' measurable subset of X such that 

fi{E)>o]. 



It is well known that 1 1 1 ■ 1 1 |p oo is a norm on L'P'°° equivalent to the quasi norm 

II ■ ||p,oo defined by 

||0||p,oo = sup|A/i({0>A})i/P: A>0}. 

In fact 

II0IU < III0IIUOO < ^||0IU, V0 G L^'^ 

as can been seen in ^. 

In fact in p| it is proved that (11 .Sp is sharp allowing every value for the 
L^-norm of 0. 

In the present paper we compute the following function 

S{f, A, F, A) = sup L{{Mr^ > A}) : > 0, ^ 0rf/i = /, 

6^rf/i = A |||0||Uoo = f| (1.6) 



'X J 

for every A > 0, {f,A,F) on the domain of the extremal problem and q 
fixed such that 1 < q < p. That is we provide improvements of (II. 3p given 
additionally L'^ and LP'°° restrictions on 0. 
From this we obtain as a corollary that 

sup I ||A^r0||p,oo : > 0, f (f)di2 = f, f 0^d/i = A, 1 1 101 1 |p,oo = f\=F 

(1.7) 



that is fll.Sp is sharp allowing every value of the integral and the L'^-norm 
of 0, for a fixed q such that 1 < q < p. As a matter of fact we prove that 
the supremum in both cases (11 .Gp and fll.7p is attained. These estimates are 
provided in Section 4, while in Section 3 the domain of the extremal problem 
is found. On Section 2 we give some preliminaries needed during this paper. 
Finally we mention that all the above estimates are independent of the 
measure space and the tree T. 

2. Preliminaries 

Let (X, /i) be a non-atomic probability measure space. We state the 
following lemma which can be found in [Ij. 

Lemma 2.1 Let (p : (X, yu) — )• IR+ and (p* the decreasing rearrangement of 
(p, defined on [0, 1]. Then 

/ (l)*{u)du = sup < / (pdjj : E measurable subset of X with fi{E) = t 
Jo I Je 

for every t G [0, 1], with the supremum in fact attained. D 
We prove now the following: 

Lemma 2.2 Let cf) : X ^ R+ be measurable and I C X be measurable 
with fi{I) > 0. Suppose that -jjt J (pdfx = s. Then for every t such that 

< t < yu(/) then exists a measurable set Et (1 I with fi{Et) = t and 

7ir)I^dfi = s. 

Et 

Proof. Consider the measure space (/, /i//) and let ■?/':/ —)■ M"*" be the 
restriction of on / that is ^/^ = (p/I. Then if tp* : [0,/i(/)] — t- M+ is the 
decreasing rearrangement of ip, we have that 

- / '^*{u)du>—- / ip*{u)du = s>- / tp*{u)du. (2.1) 
t Jo K^) Jo t Jki)-* 



Since ip* is decreasing we get the inequalities in fl2.ip . while the equality is 
obvious since 

ip*{u)du = / 0(i/i. 

From (12. ip it is easily seen that there exists r > such that t + r < ^{I) 
with 

1 rt+r 

- / ilj*{u)du = s. (2.2) 

t Jr 

It is also easily seen that there exists Et measurable subset of / such that 
li{Et) = t and / (f)d^ = / il>*{u)du (2.3) 

J Et Jr 

since (X, fi) is non- atomic. 

From (12. 2p and (12. 3p we get the conclusion of the lemma. D 

We now call two measurable subsets of X almost disjoint ii fi{Ar\B) = 0. 

We give now the following 

Definition 2.1 A set T of measurable subsets of X will be called a tree if 
the following conditions are satisfied. 

(i) X E T and for every I eT we have that ^{I) > 0. 

(ii) For every I E T there corresponds a finite or countable subset C{I) C f 
containing at least two elements such that: 

(a) the elements of C{I) are pairwise almost disjoint subsets of I . 

(b) i = uc{i). 

(Hi) T = IJ T[m) where % = {X} and 



m>0 



V+i)= U c{i). 



leT, 



(m) 



(iv) lim sup /i(/) = 0. D 



m^+oo jgT- 



(m) 



From [5] we get the following 

Lemma 2.3 For every I E T and every a such that < a < 1 there exists 
subfamily J^{I) C Y consisting of pairwise almost disjoint subsets of I such 
that 

4 u A= n /i(^)=(i-«)M/)- □ 

^ JeT{i) ' J<^T(i) 
Let now (X, /i) be a non-atomic probability measure space and T a tree 
as in Definition 1.1. We define the associated maximal operator to the tree 
T as follows: For every G i^^(X, /i) and x G X, then 

A^r0(a;) = sup <^ — — / \4>\dix : xel etV 

3. The domain of the extremal problem 

Our aim is to find the exact allowable values of (/, A, F) for which there 
exists : (X, /i) — )■ M+ measurable such that 

f (j>d(x = f, f (l)'^dfx = A and \M\\p,oo = F. (3.1) 

Jx J X 

We find it in the case where F = 1. 

For the beginning assume that (/, A) are such that there exist as in 
fl3Jll . We set ^ = 0* : [0, 1] -^ M+. Then 

[ 9 = f, [ 9' = A and |||r7|||g;^ = 1 
Jo Jo 



where 



l^lllS!:^ = sup||Fr'+^ y^: EC [0,1], Lebesque 



measurable such that l-El > >. 



This is true because of the definition of the decreasing rearrangement of 
and Lemma mU In fact since g is decreasing |||5'|||p,oo is equal to 

sup|r^+p j g: < t < ll. 

Of course, we should have that < / < 1 and f^ < A. We give now the 
following 

Definition 3.1 If n E N, and h : [0, 1) — )■ M+, h will be called -^-step if it 
is constant on each interval 



i — 1 i 



:- , ^ = 1,2 2". D 



On ' 2" ' ' 5 5 • • • 5 ■ 



Now for n G N and < / < 1 fixed we set 

^n(/) = \ h : [0, 1] — > M"*" : g is a - — step function, 
[^ 2" 



9 = f, \\\9\\t^<l\. 



Then 



^n = A„(/)cLP'°°([0,l]) 

I [0,1] 



where we use the ||| ■ |||p,oo norm for functions defined on [0, 1]. An is also 

convex, that is 

hi + h2 
hi, /i2 G Z\„ ^ — e An- 

Additionally we have the following 

Lemma 3.1 Z\„ is compact subset of LP'°°{[0, 1]) = Y where the topology on 
Y is that endowed by \\\ ■ |||p,^. 

Proof. (Y,\\\ ■ II Ip oo) is a Banach space. So, especially a metric space. So, 
we just need to prove that Z\„ is sequentially compact. 



Let now (/ij)j C Z\„. It is now easy to see by a finite diagonal argument 
that there exists {hi.)j subsequence and h : [0, 1] — )■ M+. such that h^. ^ h 

uniformly on [0,1]. Then obviously J h = f, \\\h\\\pJoc> < 1, so /i G A^- 



Additionally 

111^., - h\\\^;^:^ = sup ||E|^+i J^ \h,^ -h: \E\>o'j 
<snp\ih,^-h){t)\te[0,l] 

Y 

as j — i- oo. That is hi^ — ;■ h G An- Consequently, An is a compact subset 
of LP'°°([0,1]). D 

We give now the following known 

Definition 3.2 For a closed convex subset K of a topological vector space 
Y , and for a y ^ K we say that y is an extreme point of K, if whenever 
y = ^^, with x,z & K it is implied that y = x = z. We write y G ext{K). 

D 

Definition 3.3 For a subset A of a topological vector space Y we set 



conv 



(A) = I 5^ \Xi : A, > 0, X, G A, n G N*, ^ A, = 1 I. 



We call conv{A) the convex hull of A. D 
We state now the following well known 

Theorem 3.1 (Krein - Milman) Let K be a convex, compact subset of a lo- 

Y 

cally convex topological vector space Y then K = conv{ext{K)) that is K is 
the closed convex hull of it's extreme points. D 

According now to Lemma 13.11 we have that 

An = conv[ext[An)\ 
We find now the set ea;t(Z\„). 



Lemma 3.2 Let g G ext{An)- Then for every i G {1, 2, ... , 2"} such that 

1-'- 



2" 



1 

< f we have that 



snp{\E\-'+-v jj:\E\ = ^} = l. 



Proof. We prove it first when i = 1 and [^) '' < /• It is now easy 
to see that g G ea;t(Z\„) -^ g* E ext(Z\„). So we just need to prove that 

1/2" . sl-i 

/ 5'* = ( ^ ) " . We write 





2" 



/ = $^«.a With /, ^,^) 



and «! > ftj+i for every i G {1, 2, . . . , 2" — 1}. 

Suppose now that ai < 2"'^^, and that ai > 0:2 (the case ai = 02 is 
handled in an analogous way). 

For a suitable e > we set 

2" 2" (1) , (1) 

E(i) -^^ (2). , a^ =ai+e, a^ =a2-e 

«i 6., ^2=> tti 0, where (2) (2) 

and a^ = a^ = Ofc for every k > 2. 

Since ai < 2"/*' we can find small enough e > such that gi satisfy 

-■ll|t°'^] < 1 
enough e > 



gi\\\p,'oD < 1, for i = 1,2. Indeed, for z = 1, we need to prove that for small 



91 < t'--^ (3.2) 

'0 

for every t G [0, 1), since gi is decreasing. 

(13. 2 p is now obviously true for t > ^ since 

t pt 

gi= I g* for every such t (3.3) 

Jo 



(13. 2p is also true ior t = 0,-^. But then it remains true for every t G iO,-^) 

t . -, _ 

^ and t^~~^ 

That is we proved 



since the function t \-^ j gi represents a straight hne on 





is concave there. Analogously for the interval 

[0,1] ^ -I 

|||5'l|||p,oo ^ i. 



J_ 2_ 
2" ' 2" 



Obviously, J Qi = f, so that Qi e An, for i = 1,2. But g* = ^^^, with 



iv-'^ 



Qi^ g and Qi G Z^„, "i = 1, 2,, a contradiction since f?* G ext(Z\„,). So, 

"1 = 2"/^ and y^ /=(^2- 

what we wanted to prove. In the same way we prove that for i G {1, 2, . . . , 2"} 
such that 



</, if / r 

'0 



then 



2" y - Jo V 2" 

The lemma is now proved. D 

Let now g G ext{An) and k = max < z < 2" : ,2,, 
suppose that / < 1 we have that 



9 



i-J 



2" 



< / L so if we 



k \ p 



— </< 

On ' — "^ 



By Lemma [3.21 



fc/2" 



^' 



A; + l 
2" 



k \ p 



1-- 



'0 V-^ 

But by using the reasoning of the previous lemma it is easy to see that 

r.fc+l/2" 

9* = f, 



I 

Jo 



which gives 



.+1/2" ^^y4 

^ =/- 

fc/2" 



ttfc+ 



i = 2"-/-2"/P-fc^-p, 



Additionally «« = for i > k + 1. 

From the above we obtain the following 



10 



Corollary 3.1 Let g G ea;t(Z\„). Then g* = Yl ^iih where 



i=l 



Cti 



2"/p('ii-|-(^-l)i-ij for t = l,2,...,k 



and 



ak+ 



i = 2"/-2"/P-fc^"i, ai = 0, i>k + l, 



where 



I 



i-J 



Remark 3.1 Actually it is easy to see that the above functions described in 
Corollaru \3.1\ are exactly the extreme points of A^. D 

We estimate now the L''-norm of every g G ext{An). 
We state it as 



Lemma 3.3 Let g G ext{An) and A = J g'^, then A < T/p-^/p-i + £^(/) 



where 

r = ,'p^V^ and £„(/) = <i = (^•'!-^""="')\ 

p J p-q 2^^ 2" 



Proof. For g we write g* = '^OiC.ii, where Oj are given in Corollary 13.11 
Then 



A = / (/) 



k . 

1=1 ^ 



a 



fc+i 



(3.4) 



Now fori G {1,2,...,A;} 



al 



2-/p(^'-f.- 


(^- 


-l)H)] 


= |2" 


.i/2" 1 

2" / ^ 

Jj-l/2" . 


9 







1-- 



■ \ _L / ■ -| \ _L 

I \ P t I — 1\ P 

2" 



i-J 



(3.5) 



11 



where ijj : (0, 1] -^ M+ is defined by V^(t) = ^t^^/^. By (ES]) and in view of 
Holder's inequality we have that for i E {1,2, . . . ,k} 

al < 2" / r- (3.6) 

Ji-l/2" 



Summing up relations (13 .Op we have that 



k pk/2" / U \ ^~~ 

E"'^2"/ ^'' = 2"-^-Ur '• (3-7) 



On 



Additionally from the definition of k we have that 

(|r) ' < / ^ ^'"' < (2")'"' ■ F-'^'-'- (3.8) 

From ([SaD, (jST]) and ([3SD we obtain 



A< 



2" . r . /P-9/P-1 + al 



k+l 



l_ = rr-'^/^-' + SM) 



and Lemma 13.31 is proved. D 
Corollary 3.2 For every g G An 

A < rfP-'^/P-' + £„(/), «;/iere A= [ g'^. 

Jo 

Proof. This is true, of course, for g G ea;t(Z\„), and so also for g G 
conv{extAn), since t i— )■ t^ is convex for g > 1 on M+. It remains true 

LP'°°{[0,1]) 

for (7 G cont;(ext(Z\„)) using a simple continuity argument. In 

fact we just need the continuity of the identity operator if it is viewed as: 
/ : LP'°°([0, 1]) -^ L^ilO, 1]). See % 

Using now Krein-Milman Theorem the Corollary is proved. D 

We have now the following 



12 



Corollary 3.3 Let : {X,n) -^ R+ such that 



(pdfL = f, / (f>'^dfi = A, 

X J X 



p,oo 



< 1. 



Then 



r<A< rf 



p-g/p-^ 



Proof. Let g = (p* : [0, 1] — t- M+. There exist 0„2^-simple functions, for 
every n such that Qn < Qn+i < 9 and Qn converges almost everywhere to g. 
But then by defining 

•1 /.I 



In 



^ni -^n 



we have that 

Qn^AnUn) SO that A^ < F T^-^'^-^ + SnUn)- (3.9) 

By the monotone convergence theorem fn ^ f, An — )■ A. Moreover 

(2"/„ - kn~^2'^/p)'} 



where /c„ satisfy 



As a consequence 



Ufn) = (2 



n\q-l 



fr 



< (2")""^ 



^n\Jn 



^V " ^ f f kn+ 1 

2n 1 ^ /n < 1 2" 



1 



i-J 





/A;„^ 


\'-l 


1 


1, 


V2"; . 




1^ 


1 


« / 


2-, 




V 



A;„ + n' ^ 



fcnA^-^^'' 



1 1 



2" y V 2" 

— i- 0, as n — !■ oo 



where in the second inequality we used the known 

(t + s)'' <t'' + s'' for t,s>0, < a < 1. 



Now ( 13. 9p gives the corollary. D 

In fact the converse of Corollary 13.31 is also true. 



13 



Theorem 3.2 For 0</<l,A>0 the following are equivalent 

i) f" < A< rfp-i/p-^ 

a) 3 0: (X, /i) — 7> ]R+ such that 



X J X 

We prove first the foUowing 
Lemma 3.4 Let a E (0, 1) and (/, A) such that 

f < tt^"^ (3.10) 

f' < a^-'A (3.11) 

A < rfP-^/P-^A. (3.12) 

Then there exists g : [0, a] — ?■ M^ snc/i i/iai 

/% = /, r 9' = A, and |||(7|||j;^l = 1 
Jo Jo 

where 

sup<' \E\-^^pJ^g: 



,[Q^] I i-i+i r E measurable subset of [0,0;] 



Proof. We search for a g oi the form 

[ fj,2, ci <t <a 

for suitable constant Cifi2- 
We must have that 



/ g = f ^ c\ ^+^2(«-ci) = /. (3.13) 



14 



Additionally g must satisfy 

/ ^<? = A ^ Tq ^ + filia - ci) = A. (3.14) 

Jo 

(I37[3|) gives 



/ 1-- 
/ — c p 

/X2 = (3.15) 



a — Ci 



so (I3.14P becomes 



1 



rc,^ + ^-f '-T^ = A. (3.16) 



We we search for a ci G (0, a) such that 

T(ci) = A where T : [0, a) -^ 
defined by 



,1-- 



^(') = ^' ^ + (« - t)-i • 
Observe that T(0) = ^ < A because of (l3TT]) and that T{fP/P-^) = 
p jp-q/p~^ > y4. Now because of the continuity of T, we have that there exists 
ci G (0,/P/P-^] such that T(ci) = A. Then ci e (0, a) because of fl3A0D . and 
if we define yU2 by (??), we guarantee (13.131) and (13.141) . 
We need to prove now that |||5'|||p,S = 1. 

Obviously, because of the form of g, \\\g\\\p^!^ > 1. So we have to prove 
that 

j-t 

/ g<t^~K Vte(0,«]. (3.17) 

Jo 
This is of course true for t G [0, Ci]. For t G (ci, a] 

Jo 

15 



Since G{ci) = c^ ^ , G{a) = f < a ^p and t \-^ t ^p is concave on (ci,q;] 
( I3.17P is true. Thus Lemma [33] is proved. D 
We have now the 

Proof of Theorem 3.2: We have to prove the direction i) =^ ii). 
Indeed ii f^ < A < rp-'^/P-^ and / < 1 we apply Lemma [331 
If fi = A, with < / < 1 we set 5f by g{t) = /, for every t G [0, 1] while 

iif = ^^A<ra simple modification of Lemma [3.41 gives the result. D 

We conclude Section 3 with the following theorem which can be proved 
easily using all the above. 

Theorem 3.3 For f, A such that f < 1, A > the following are equivalent: 

i) P <A< r/p-«/p-i 

ii)3 (j) : {X, fi) — )■ M+ such that 



Jx 

Remark 3.2 Theorem \3.3\ is completed if we mention that for / = 1 the 
following are equivalent: 

i) f = i<A<r 

ii)3<j): (X,/i) ^M+ such that J (pdjj = 1, J (p'^d/j = A, |||0|||p,oo = 1- □ 

X X 

4. The Extremal Problem 

Let Ai-j- = Ai the dyadic maximal operator associated to the tree T, on 
the probability non-atomic measure space {X,fi). 



16 



Our aim is to find 



Tf^A,FW = sup I /i({-M0 > A}) : > 0, / 0c//i = /, / 0'^/^ = A 



p,oo ^ 

for all the allowable values of /, A, F . 
We find it in the case where F = 1. 
We write T/-_yi(A) for T/^a,i(A). 
In order to find Tyyi(A) we find first the following 

TfXW = sup Li{{M<P > A}) : > 0, ^ 0rf/i = /, ; ^ 0«rf/i = A, 

lll0llUoo<l}. (4.1) 
The domain of this extremal problem is the following: 

D = {(/, A) : < / < 1, r<A< rr-^ip-^y 

Obviously, r)_A(A) = 1, for A < /. 
Now for A > / and (/, A) e D. 
Let (j) as in fl4.ll) . Consider the decreasing rearrangement oi (p, g = (p* : 

[0, 1] ^ M+. Then 



p,oo 
^0 

Consider also E = {M(t) > A} C X. 

Then E is the almost disjoint union of elements of T, let {Ij)j. In fact 
we just need to consider the elements / of T, maximal under the condition 

1 



,(/);/*^^- (^-2) 



17 



We, then, have E = [Jlj and J (pdfi > Xfi{E) because of (14. 2p . Then ac- 

j E 

a 

cording to Lemma [2. II we have that j g > aA where a = fi{E). That is we 



proved that 

T« (A) < AfA^) (4.3) 

where 
Af^X) = sup |a G (0, 1] : 3 g : [0, 1] ^ M+ with^ g = f, j g'^ = A, 

|||(7|||M<1 and £g>a\\. (4.4) 

We prove now the converse inequahty in (14. 3 p by proving the following 

Lemma 4.1 Let g be as in 1^4 -41 1 f^'^ '^ fixed a G (0, 1]. Then there exists 
(f) : (X, jj,) —)■ R+ such that 

(Pdfx = /, / (P'^dfx = A, 1 1 101 1 |p,oo < 1 and f^{{M(P > A}) > a. 



p,oo 
X J X 



Proof. Lemma [2.31 guarantees the existence of a sequence {Ij)j of pairwise 
almost disjoint elements of T such that 

MU/,) = 5^/i(/.) = «- (4.5) 

Consider now the finite measure space ([0, a], | ■ |) where | ■ | is the Lebesque 

a 

measure. Then since j g > aA and (14. 5 p holds, applying Lemma 12.21 re- 



peatedly, we obtain the existence of a sequence (Aj) of Lebesque measurable 
subsets of [0, a] such that the following hold: 

{Aj)j is a pairwise disjoint family, UAj = [0,a\, \Aj\ = fi{Ij), r— r / (? > A. 

Then we define gj : [0, |y4j|] — t- IR+ by gj = {g/Aj)*. Define also for every j 
a measurable function (pj : Ij — )■ IR+ so that (p* = gj. The existence of such 
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a function is guaranteed by the fact that {Ij,fi/Ij) is non-atomic. Here we 
mean 

fx/IjiA) = fi^Anlj) for every AC Ij. 

Since (Ij) is almost pairwise disjoint family we produce a (p^^^ : Ulj — t- M^ 

measurable such that (p^^^/Ij = (pj. We set now Y = X \ Ulj and h : 

[0, 1 — a] — !■ M^ hj h = {g/[a, 1])*. Then since fi{Y) = 1 — a there exists 

0(2) : y ^ M+ such that (0(2))* = h. 

j 0(1), on Ulj 
bet now © = < 

\ 0(2)^ on y_ 

It is easy to see from the above construction that J (pd^ = f, J (p'^dfx = A 

X X 

and |||0|||p,oo < 1- 



Additionally 

— — / (pdfi = — — / 5f > A for every j 

that is 

{M(j) > A} 3 Ulj, so fi{{M(j) > X})>a 

and the lemma is proved. D 

a 

It is now not difficult to see that we can replace the inequality J g > «A 



in the definition of Z\/^^(A) by equality, thus giving S'/,a(A), in such a way 
that (14.31) remains true, that is 

T^^X) = AfAX) = SfAX). (4.6) 

/J 
This is true since if g is as in (14.41) there exists P > a such that j g = (3X. 



For if, A) e D we set 
G/,A(A) = sup|^({yW0> A}) : 0>O, I (t)d^i = f, I (t)''d^i = A\. 



X 



It is obvious that TJ^(A) < Gf^X). 
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As a matter of fact G'j^^(A) has been computed in [3] and was found to 



be 



GlaW = { 



1, A</ 



i /<A<(f 



A 

k, (j) 



1/9-1 



1/g-i 



(4.7) 



< A 



where k is the unique root of the equation 



if-aXr 



(1 - a)i-^ 
We have now the following 



aA^ = A on 



4 



, when A > ( — 



l/q-l 



Proposition 4.1 For {f,A) E D, then 

r;_:l(A)<min|l,G;,^(A),l|. 

Proof. We just need to see that ii{{M.(j) > A}) < ^ for every (j) such that 

|p,oo ^ 1- But if ii^ = {M.(f) > A} we have by the definition of the norm 

<i-i 



|p,oo 



that J M(l) < i^iEy p. But by ([O]) /-M0 > A/i(E), so that 



E 



Xfi{E) < f,{Ey~l ^ I2{E) < j^. 



So Proposition H?T] is true. D 

We prove now the converse of Proposition 14.11 in three steps. 

Proposition 4.2 Let (/, A) E D and A such that 



f f 1 

- = mmn,G'/,^(A),— 



(4.8) 



Then T ^](A) 
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Proof. We use Lemma [231 and equations fl4.6p . Because of fl4.6p we need to 
find 5f : [0, 1] ^ ]R+ such that 

g = i\ j g'^ = A |||5'lllp,oo< l and / g = --X = f 

that is g should be defined on [0, //A]. 
We apply Lemma [3 ■4[ with a = j. 

In fact, since (14. 8p . is true we have that Gj^aW = { so, A < ij) 
which gives (13. lip , while j < ^ gives fl3.10p . In fact Lemma 13.41 works even 
with equality on (I3.10p as it is easily can be seen. So, in view of (14. 6 p we 
have Tj^^(A) > //A and the proposition is proved. D 

At the next step we have 

Proposition 4.3 Let (/, A) E D and A such that 

fc = min|l,G;,A(A)^|. 

Then tJ^](A) = k. 



(4.9) 



/ -\ 1/9-1 

Proof. Obviously fHl?]) gives A > ( j ] 

We prove that there exists (? : [0, 1] — )■ IR+ such that 

fk /"I /"I 

9 = k\, g = f, g'^ = A and |||5'|||p,oo < 1- 

Jo Jo Jo 

For this purpose we define: 

_ J A, on [0, k] 
^'"\^, on {k,l]. 

Then, obviously, the first two conditions in (I4.10p are satisfied, while 

(1 - ky' 
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(4.10) 



by the definition of k. 

Moreover |||5'|||p,oo < 1- Tliis is true since kX < k p, f <1 and tlie fact 
that g is constant on each of the intervals [0, k] and {k, 1]. So we proved that 
^^^(A) > fc, that is what we wanted to prove. D 

At last we prove 

Proposition 4.4 Let (/, A) E D and A such that 

^ = min|l,G;,^(A),l|. (4.11) 

ThenTJliiX) = ^. 

Proof. As before we search for a function g such that 

J 9 = f, J 9' = A |||^||Uoo<l and J g = —.\ = ^—^. (4.12) 
We define 

and we consider two cases: 

i) ^A > ^ 

We search for a function of the form 

(i-^)ri/^ o<t<ci 

/X2, c^<t<^ (4.13) 

Ms, ^ <t<l 

for suitable constants ci < ^, /i2,/i3- Then in view of (I4.12p the following 
must hold: 
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q"' + -"2 (^ - Ci] + /X3 (l - ^ ) = / (4.15) 



re'" + -"^ (^ - ci) + /^I (i - ^) = ^- (4-16) 

Notice that the condition |||5'|||p,oo < 1 is automatically satisfied because of 
the form of g and the previous stated relations. 
Now KIM and fHTTSjl give 

/^3 = ^^—4^, (4.17) 



and 



1 i-i 

T — C P 



\p ^^ 

while f l4.16p gives T(ci) = A where T is defined on 0, ^ j by 
^(c) = ^c p + ^ ^^^^ + 7 ^ 



XP ^ j \^ XP 



Then 

1 (/~ Ai^ 



^(0) = T7- + 



It is now easy to see that T(0) < A by using that F : [0, //A] — )■ M"^ defined 

is increasing, and the definition of G/ ^(A). 

Moreover lim T{c) = dx> A, so by continuity of the function t, we end 

case i). Now for 
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ii) ^X < A we search for a function of the form 

/i2, Ci < t < 1 

where ^ < Ci. Similar arguments as in case i) give the result. D 
From Propositions 14.11 - 14.41 we have now of course 

Theorem 4.1 For 

{f,A)eD, r);](A)=min|l,G;,A(A),^|. D 

Remark 4.1 Notice that Tj^^(A) = TA(\) for every f,A such that f < 
A < r'/P^^/p^i and < / < 1. Indeed suppose that a = TA{\). Then there 
exists g : [0, 1] — t- R^ such that 



Jo Jo Jo 



g = f, 9" = A, g = aX and |||^|||p,oo < 1- (4.19) 

Jo Jo 

It is easy to see that for every e > 0, small enough we can produce from g a 
function g^ satisfying 

pa—e pi p\ 

/ ge>{a-e)\, g^ = f, g^ = A + 6e and |||5'e|||p,oo = 1 

Jo Jo Jo 

and lim 6e = 0. This and continuity reasons shows T/^^(A) = a. 

Hi) The case A = f^ can be worked out separately because there is essen- 

1 1 

tially unique function g satisfying j g = f, j g'^ = f^, namely the 



constant function with value f . D 
Scaling all the above we have that 
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Theorem 4.2 For /, A such that f < A < r p-^/T^-^F^^^'i-^'^IP^ and < 
f < F the following hold 

sup Li{M(P > A}) : > 0, /" 0rf/i = f,f (P^dfi = A, III0IIUOO = f\ 

= min|l,G^,^(A),^| (4.20) 



and 



sup I ||A^0||p,oo : > 0, / 0rf/i = /, / 0«ci/i = A, 



p,oo = F !^ = F. □ 



References 

[1] C. Bennet, R. Sharplcy, Interpolation of Operators, Academic Press. 

[2] D. L. Burkholder, Martingales and Fourier Analysis in Banach spaces, C.I.M.E. 
Lectures (Varenna (Como), Italy, 1985), Lecture Notes in Mathematics 1206(1986), 
61-108. 

[3] D. L. Burkholder, Boundary value problems and sharp inequalities for martingale 
transforms, Ann. of Prob. 12(1984), 647-702. 

[4] L. Grafakos, Classical and Modern Fourier Analysis, Pearson Education, Upper Sad- 
dle River, N.J., 2004. 

[5] A. D. Melas, The Bellman functions of dyadic-like maximal operators and related 
inequalities. Adv. Math. 192(2005) 310-340. 

[6] A. D. Melas, E. Nikolidakis, On weak type inequalities for dyadic maximal functions, 
J. Math. Anal. Appl. (2008) 404-410. 

[7] A. D. Melas, E. Nikolidakis, Dyadic-like maximal operators on integrable functions 
and Bellman functions related to Kolmogorov's inequality. Transactions of the Amer- 
ican Mathematical Society, vol. 362, No 3, March 2010, papes: 1571-1596. 

[8] F. Nazarov, S. Treil, The hunt for a Bellman function: applications to estimates 
for singular integral operators and to other classical problems of harmonic Analysis, 
Algebra i Analyz 8 no. 5 (1996), 32-162. 

[9] E. N. Nikolidakis, Extremal problems related to maximal dyadic-like operators, J. 
Math. Anal. Appl. 369(2010) 377-385. 



25 



[10] G. Wang, Sharp maximal inequalities for conditionally symmetric martingales and 
Brownian motion, Proc. Amer. Math. Soc. 112(1991) 579-586. 



26 



